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Abstract
The aim of this paper is to study generating function of the Hermite-Kampe˙ de
Fe˙riet based second kind Genocchi polynomials. We also give some identities
related to these polynomials.
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1. Introduction, Definitions and Notations
The Bernoulli numbers the Bernoulli polynomials, the Euler numbers, the Euler polynomi-
als and Genocchi polynomials and numbers are used many areas of sciences. These numbers
and polynomials are also used in calculus of finite differences, in numerical analysis, in ana-
lytical number theory.
Recently many authors have studied on these numbers and polynomials. They also defined
many different generating functions of these polynomials and numbers.
Due to Bretti and Ricci [1], the Hermite-Kamp´e de F´eriet (or Gould-Hopper) polynomi-
als have been used in order to construct addition formulas for different classes of generalized
Gegenbauer polynomials. These polynomials (two-variable Hermite polynomials) are defined
by means of the following generating functions:
ext+yt
j
=
∞∑
n=0
H(j)n (x, y)
tn
n!
. (1.1)
From (1.1), one can easily see that
H(j)n (x, y) = n!
[n
j
]∑
r=0
xn−jryr
r! (n− jr)!
,
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where j ≥ 2 is an integer cf. [1]. In [1], the case j = 1 is not considered, since the
corresponding 2D polynomials are simply expressed by the Newton binomial formula.
The polynomials H
(j)
n (x, y) are the solution of the generalized heat equation:
∂
∂x
F (x, y) =
∂j
∂xj
F (x, y),
F (x, 0) = xn.
The classical Genocchi numbers Gn and the classical Genocchi numbers Gn(x) are usually
defined by means of the following generating function,
g(t) =
2t
et + 1
=
∞∑
n=0
Gn
tn
n!
, |t| < pi (1.2)
and
g(t, x) = g(t)ext =
∞∑
n=0
Gn(x)
tn
n!
, |t| < pi. (1.3)
From (1.2) and (1.3), one can easily see that
Gn(x) =
n∑
k=0
(
n
k
)
Gkx
n−k.
The second kind Genocchi polynomials of higher order are defined by means of the fol-
lowing generating function:
g(t, x) =
(
2t
et + e−t
)a
etx =
∞∑
n=0
G(a)n (x)
tn
n!
, |t| <
pi
2
. (1.4)
Note that G
(1)
n (x) = Gn(x) denotes the second kind Genocchi polynomials cf. [15]. Gn(0) = Gn
which denote so-called the second kind Genocchi numbers cf. [15].
By using (1.4), one can easily see that
Gn(x) =
n∑
k=0
(
n
k
)
xn−kGk.
By (1.3) and (1.4), we have
Gn(x) = 2
n−1Gn(
x+ 1
2
)
=
n∑
k=0
n−k∑
j=0
(
n
k, j, n− k − j
)
2k−1xn−k−jGk,
where (
n
a, b, c
)
=
n!
a!b!c!
, a+ b+ c = n.
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The second kind Euler polynomials of higher order are defined by means of the following
generating function: (
2
et + e−t
)a
ext =
∞∑
n=0
E (a)n (x)
tn
n!
, |t| <
pi
2
(1.5)
Observe that E
(1)
n (x) = En(x) denotes the second kind Euler polynomials cf. ([12], [16]).
Relation between En(x) and Gn(x) is given by
Gn(x) = nEn−1(x).
Lemma 1. The second kind Genocchi polynomials of α order is satisfied the following rela-
tions
G(α+β)n (x+ x1) =
n∑
k=0
(
n
k
)
G
(α)
k (x)G
(β)
n−k(x1). (1.6)
Also
n∑
k=0
(
n
k
)
E
(α)
k G
(α)
n−k(x+ x1) =
n∑
k=0
(
n
k
)
E
(α)
k (x)G
(α)
n−k(x1). (1.7)
Proof. From (1.4),
∞∑
n=0
G(α+β)n (x+ x1)
tn
n!
=
(
∞∑
n=0
G(α)n (x)
tn
n!
)(
∞∑
n=0
G(β)n (x1)
tn
n!
)
=
∞∑
n=0
(
n∑
k=0
(
n
k
)
G
(α)
k (x)G
(β)
n−k(x1)
)
tn
n!
.
Comparing the coefficients, we prove Lemma 1. 
2. Hermite-Kampe˙ de Fe˙riet based second kind Genocchi polynomials
The aim of this section is to define the Hermite-Kampe˙ de Fe˙riet (or Gould-Hopper) based
second kind Genocchi polynomials. Some poroperties of these polynomials are also given.
The Hermite-Kampe˙ de Fe˙riet based second kind Genocchi polynomials of higher order
are defined by means of the following generating function:
FH,a(t, x, y; j) =
(
2t
et + e−t
)a
ext+yt
j
=
∞∑
n=0
(
HG
(j,a)
n (x, y)
) tn
n!
. (2.1)
From (2.1), one finds that
HE
(j,a)
n−1 (x, y) =
HG
(j,a)
n (x, y)
n
,
where HE
(j,a)
n−1 (x, y) denotes the Hermite-Kampe˙ de Fe˙riet based second kind Euler polyno-
mials of higher order.
Now we compute the derivative of ((2.1) with respect to x to derive a derivative formula
for the Hermite-Kampe˙ de Fe˙riet based second kind Genocchi polynomials of higher order:
∂
∂x
(
HG
(j,a)
n (x, y)
)
= n
(
HG
(j,a)
n−1 (x, y)
)
.
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If we substitute j = 2 and a = 1 into (2.1), and using (1.4), we have
∞∑
n=0
(
HG
(2,1)
n (x, y)
) tn
n!
=
∞∑
n=0
Gn(x)
tn
n!
∞∑
n=0
ynt2n
n!
. (2.2)
After some elementary calculations in the above, we obtain
∞∑
n=0
(
HG
(2)
n (x, y)
) tn
n!
=
∞∑
n=0

n!
[n
2
]∑
l=0
ylGn−2l(x)
l!(n− 2l)!

 tn
n!
.
By comparing coefficients of tn in the both sides of the above, we arrive at the result of the
theorem:
Theorem 1.
HG
(2,1)
n (x, y) = n!
[n
2
]∑
l=0
ylGn−2l(x)
l!(n− 2l)!
.
Theorem 2.
HG
(j,a+b)
n (x1 + x2, y1 + y2) =
n∑
k=0
(
n
k
)(
HG
(j,a)
n (x1, y1)
) (
HG
(j,b)
n−k (x2, y2)
)
. (2.3)
Proof. By (2.1), we define the following functional equation
FH,a+b(t, x1 + x2, y1 + y2; j) = FH,a(t, x1, y1; j)FH,b(t, x2, y2; j)
By using the above functional equation, we obtain
∞∑
n=0
(
HG
(j,a+b)
n (x1 + x2, y1 + y2)
) tn
n!
=
∞∑
n=0
(
HG
(j,a)
n (x1, y1)
) tn
n!
∞∑
n=0
(
HG
(j,b)
n (x2, y2)
) tn
n!
By using Cauchy product in the above equation, than comparing the coefficients of t
n
n!
on
both sides, we arrive at the desired result. 
Relation between Hermite-based second kind Genocchi polynomials of higher order, the
second kind Genocchi polynomials of higher order and two-variable generalized Hermite
polynomials is given by the next theorem.
Theorem 3.
HG
(2,a)
n (x, y) =
n∑
l=0
(
n
l
)
G
(a)
n−lH
(2)
l (x, y) .
Proof. If we substitute j = 2 and a = 1 into (2.1), we easily arive at the desired result. 
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